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ADO INVARINTS DIRECTLY FROM PARTIAL TRACES OF
HOMOLOGICAL REPRESENTATIONS
CRISTINA ANA-MARIA ANGHEL
Abstract. The ADO invariants are a sequence of non-semisimple quantum in-
variants coming from the representation theory of the quantum group Uq(sl(2))
at roots of unity. Ito showed that these invariants are sums of traces of quo-
tients of homological representations of braid groups (truncated Lawrence rep-
resentations). In this paper we show a direct homological formula for the ADO
invariants, as sums of partial traces of Lawrence type representations, without
further truncations.
Contents
1. Introduction 1
2. Notations 4
3. The ADO invariant from generic Verma modules 5
4. Homological representations 8
5. Level N Lawrence representation 11
6. Homological model for the ADO invariant 13
References 15
1. Introduction
This paper concerns the family of non-semisimple quantum invariants called
Coloured Alexander polynomials or ADO invariants [1]. They come from the rep-
resentation theory of the quantum group Uq(sl(2)) at roots of unity. The theory
of quantum invariants started with the discovery of the Jones polynomial and was
developed further by Reshetikhin and Turaev. They introduced an algebraic con-
struction which starts with the representation theory of a quantum group and
leads to link invariants. This construction applied for the generic quantum group
Uq(sl(2)) leads to the sequence of coloured Jones polynomials. Dually, the repre-
sentation theory of the same quantum group at roots of unity leads to the sequence
of coloured Alexander invariants {ΦN (L, λ)}N∈N. This family recovers the original
Alexander polynomial at the first term (corresponding to N = 2).
The initial definition of these invariants was algebraic. On the homological side,
Lawrence introduced in [11], [10] a sequence of braid group representations using
the homology of coverings of configuration spaces in the punctured disc. This con-
struction opened a new direction towards connections between quantum invariants
and topological information. Using these homological representations, Lawrence
([10]) and later Bigelow based on her work ([5]), showed that the Jones polynomial
can be seen as an intersection pairing between homology classes in certain coverings
of configuration spaces. We refer to such a description as a topological model.
A different approach aims to describe an invariant as sums of traces of homolog-
ical representations. In 2015 ([7]), Ito showed that the loop expansion of coloured
Date: July 31, 2020.
1
2 CRISTINA ANA-MARIA ANGHEL
Jones invariants can be obtained as an infinite sum of traces of Lawrence represen-
tations. A second step towards this kind of homological information was made in
[6], where Ito introduced certain quotients of the Lawrence representations. Then,
he proved that the ADO invariants are sums of traces of truncated Lawrence rep-
resentations. He said ([6]) that it would be interesting to investigate further links
towards more topological definitions, mentioning that an obstruction to doing this
in his model comes from a “lack of understanding” of the truncation procedure of
the Lawrence representations for N > 2.
Further on, in 2017 ([3]) we constructed a topological model for the coloured
Jones polynomials, as intersections of homology classes in coverings of configura-
tion spaces. Then, in 2019 ([2]), we constructed a topological model for the coloured
Alexander polynomials using truncated Lawrence representations. These were exis-
tence type results. In [9], Martel introduced a slight variation of Lawrence represen-
tations. Based on that, in his thesis he gave a homological model for the coloured
Jones polynomials, as sums of traces of these homological representations.
Going back to topological models, very recently we showed a globalised result
([4]), proving that the coloured Jones and ADO invariants both come as different
specialisations of a unified topological model over two variables. More precisely, we
described them as specialisations of certain intersection pairings between explicit
homology classes in these Lawrence type representations.
This paper concerns a homological type model given by a sum of partial traces of
certain representations. We introduce the notion of homological partial trace, which
corresponds to the usual partial trace, but restricted to weight spaces rather than
tensor powers of quantum representations. Then, we provide a homological model
for the ADO invariants, as sums of homological partial traces of specialisations of
certain subrepresentations in Lawrence representations. The feature of this model is
that it partially answers and explains Ito’s question. It does not have any truncation
and so the coefficients of the ADO invariants are more clear from the homological
point of view.
This model is somehow a counterpart of our result that coloured Jones and ADO
invariants come from two variables, from [4], seen through models as sums of traces
of homological representations.
1.1. Strategy and description of the homology groups. For n,m ∈ N, we use
the unordered configuration space of m points in the n-punctured disc and denote
it by Cn,m. Then C˜n,m is a certain Z ⊕ Z-covering space of this configuration
space. Further on, H lf,−m (C˜n,m,Z) will the Borel-Moore homology of the covering,
relative to a certain part of the boundary. This homology group is generated by
homology classes given by lifts of geometric submanifolds Fe in the base space Cn,m,
prescribed by partitions e of m into n positive integers. The precise construction is
presented in section 4. The version of Lawrence representation from [9] is obtained
from the braid group action on this homology:
ln,m : Bn → Aut
(
H lf,−m (C˜n,m,Z),Z[x
±1, d±1]
)
.
Now, we fix N ∈ N to be the colour of the ADO invariant that we want to study
and ξN the standard primitive 2N
th root of unity.
Further on, we define a subspace in this homology, generated by those classes
given by lifts of the geometric submanifolds Fe where e is an n−partition of m,
whose components are all strictly smaller than N (see definition 5.0.1):
NHn,m ⊆Z[x±1,d±1] H
lf,−
m (C˜n,m,Z).
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Notation 1.1.1. (Specialisation) For a complex numbers q, λ ∈ C, we use the
specialisation of coefficients towards one variable, given by the formula:
ψq,λ : Z[x
±, d±]→ C
ψq,λ(x) = q
2λ; ψλ(d) = q
−2.
Using the precise form of the R-matrix from the quantum side, we show that
ln,m induces a well defined braid group action on the subspace
NHn,m, when we
specialise through ψq,λ (definition 5.0.3). We call this action level N Lawrence
representation and denote it by:
Nln,m : Bn → Aut
(
NHn,m|ψξN ,λ ,C
)
.
Further on, we define the notion of homological partial trace of weight zero, and
denote it as below (definition 5.1.2):
hptr0 : Aut
(
NHn,m|ψξN ,λ ,C
)
→ C
Our main result presents the N th ADO invariant as a sum of partial traces of
the level N Lawrence representations.
Theorem 1.1.2. (N th ADO invariant from level N Lawrence representations)
Let us fix N ∈ N the colour of the invariant and λ ∈ C. Then if an oriented knot
L is a closure of a braid βn ∈ Bn, we have the following homological formula:
(1)
ΦN (L, λ) = ξN
(N−1)λw(βn) ξ
(n−1)(1−N)λ
N
(N−1)(n−1)∑
m=0
ξ
−2m(1−N)
N hptr0
(
Nln,m(βn)
)
In this formula, w(βn) is the writhe of the braid.
1.2. Comparison and idea of the proof. The difference between this model and
the model from [6] is that the former is a sum of traces on quotients of homological
representations. Here, we do not take any quotients but instead we pay the price of
having a partial homological trace. However, the direct homological actions have
an advantage from the geometrical point of view and also the model provides a very
concrete algorithm for computations. The explanation “behind the scenes” of this
difference is that Ito’s strategy is based on highest weight spaces and ours is based
on weight spaces. Then the result from [6] uses a Kohno’s type identification for
quantum representations on highest weight spaces and homological representation.
We use a more explicit Kohno’s type identification due to Martel [9] for quantum
representations on weight spaces and homological representations.
More specifically, in [6] the splitting of tensor powers of the quantum repre-
sentation at roots of unity is used by means of highest weight spaces. Then the
homological correspondent for these highest weight spaces at roots of unity is con-
structed, which has to have a truncation. On the other hand, we use weight spaces
instead of highest weight spaces, and the fact that their direct sum recovers the same
tensor power of the quantum representation at roots of unity. A technical point
is that we set up the whole construction such that it comes from the quantum
group over two variables. Then, we show that the weight spaces at roots of unity,
naturally correspond to subrepresentations in homological representations rather
than quotients. The last technical part is to define the concept of partial trace in
a homological context. We do this by translating the effect of the quantum trace
on tensor powers of the quantum representation at roots of unity, restricted onto
certain weight spaces, which in turn correspond to homological representations.
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1.3. Structure of the paper. In Section 3, we describe the version of the quantum
group that we use (which has divided powers of one generator), as well as the
representation theory correlated to it. Then, we show that we can see the ADO
invariants from a certain specialisation of the Verma module associated to the two-
variable quantum group. In the last part of the section, we show explicitely the
formula that we will use on the quantum side. Then, in Section 4, we set up the
homological part of the picture, and define the Lawrence representation that we
work with. Section 5 is devoted to the construction of a subrepresentation of the
Lawrence representation, which we call level N Lawrence representation. After that,
we define the notion of homological partial trace of weight zero on this Lawrence
subrepresentation. In the last Section 6, we put these notions together and prove
a homological model for the N th ADO invariant as a weighted sum of homological
partial traces on the level N Lawrence representations.
Acknowledgements. This paper was prepared at the University of Oxford, and I
acknowledge the support of the European Research Council (ERC) under the Eu-
ropean Union’s Horizon 2020 research and innovation programme (grant agreement
No 674978).
2. Notations
In the paper, we will use certain specialisations of coefficients of some homology
modules. The precise definition of a specialisation is the following.
Notation 2.0.1. (Specialisation)
Let R be a ring and M an R-module. Suppose that we fix a basis B of the module
M . If S is another ring, let us assume that we fix a specialisation of the coefficients,
given by a ring morphism:
ψ : R→ S.
Then, the specialisation of the module M by the change of coefficients ψ is the
following S-module:
M |ψ := M ⊗R S
which has the corresponding basis given by
BM|ψ := B ⊗R 1 ∈M |ψ.
Notation 2.0.2. (Partial traces) For a tensor power of two vector spaces V,W ,
we denote the partial trace with respect to the elements of W by:
ptrV : End(V ⊗W )→ End(V ).
Also, for the representation theory part, we will use the following notations for
quantum factorials:
{x} := qx − q−x [x]q :=
qx − q−x
q − q−1
[n]q! = [1]q[2]q...[n]q
[
n
j
]
q
=
[n]q!
[n− j]q![j]q!
.
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3. The ADO invariant from generic Verma modules
In this part, we present the set-up on the representation theory side, which we
use, in order to obtain the ADO invariant. The usual definition of these invariants
starts from the version of the quantum group Uq(sl(2)) over one variable which is a
root of unity. Here, we will use the version of the quantum group over two variables,
given by the divided powers of one of the generators. We showed in [4] that we can
specialise this representation theory later on, towards one variable, and obtain the
ADO invariant in this manner. For the precise construction of this set-up, we refer
to [4], Section 2. Below, we outline the main points of the construction.
Definition 3.0.1. (Quantum group) Let Uq(sl(2)) be the Hopf algebra over the
ring with two variables Z[q±1, s±1], genererated by {E,F (n),K±1| n ∈ N∗} subject
to the relations:

KK−1 = K−1K = 1; KE = q2EK; KF (n) = q−2nF (n)K;
F (n)F (m) =
[
n+m
n
]
q
F (n+m)
[E,F (n+1)] = F (n)(q−nK − qnK−1).
This quantum group has an associated Verma module, given by the following
description:
Definition 3.0.2. ([4], [8]) (Generic Verma module)
Let Vˆ be an infinite dimensional Z[q±1, s±1]-module generated by a sequence of
vectors {v0, v1, ...}, with the following Uq(sl(2))-actions:
(2)


Kvi = sq
−2ivi,
Evi = vi−1,
F (n)vi =
[
n+i
i
]
q
∏n−1
k=0 (sq
−k−i − s−1qk+i)vi+n.
Further on, in order to construct knot invariants, we need to use finite dimen-
sional representations. We start with a natural number N ∈ N and ξN be the
primitive 2N th-root of unity.
Notation 3.0.3. Let us fix λ ∈ C. For the pair (q = ξN = e
2pii
2N , λ ∈ C) we consider
the specialisation
(3)
{
ηξN ,λ : Z[q
±, s±]→ C
ηξN ,λ(s) = ξ
λ
N .
For the non-semisimple invariants at roots of unity, we will start with the set up
over two variables, and then specialise through ηξN ,λ.
Definition 3.0.4. We denote the quantum group at roots of unity by
UξN (sl(2)) = Uq(sl(2))⊗ηξN ,λ C.
Correspondingly, we consider the specialised Verma module
VˆξN ,λ = Vˆ ⊗ηξN ,λ C
which is a representation of UξN (sl(2)). Moreover, let us consider the vector sub-
space generated by the first N vectors over C:
Uλ :=< v0, ..., vN−1 >C⊆ VˆξN ,λ.
The quantum group Uq(sl(2)) has an R−matrix over Z[q
±1, s±1], which gives a
braiding R, leading to a braid group representation (as in [4]):
(4)
ϕˆn : Bn → AutUq(sl(2))
(
Vˆ ⊗n
)
σ±1i → Id
⊗(i−1)
V ⊗R
±1 ⊗ Id
⊗(n−i−1)
V .
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Further on, this action will induce an action at roots of unity provided by the
formula:
ϕˆξN ,λn : Bn → Aut(Vˆ
⊗n
ξN ,λ
).
A key point in [4], is based on the remark that even if Uλ is not a sub-representation
of VˆξN ,λ over the quantum group UξN (sl(2)), the braid group action ϕˆ
ξN ,λ
n behaves
well with respect to this inclusion. More precisely, we have the following property.
Proposition 3.0.5. ([4]-Section 2)( Braid group action at roots of unity)
The action ϕˆξN ,λn on Vˆ
⊗n
ξN ,λ
preserves the vector subspace U⊗nλ , meaning that
following diagram commutes:
U⊗nλ Vˆ
⊗n
ξN ,λ
ϕˆξN ,λn ϕˆ
ξN ,λ
n
→֒
ι
	 	≡
Notation 3.0.6. We denote the restriction of the braid group action ϕˆξN ,λn onto
the finite dimensional part by:
ϕξN ,λn : Bn → AutC(Uλ
⊗n).
3.1. Weight spaces. In this part, we consider certain subspaces inside the ten-
sor powers of quantum representations, called weight spaces, which will have nice
homological correspondents.
Definition 3.1.1. (Weight spaces) Let us fix n,m ∈ N and a natural number N ∈ N
(which will correspond to the colour of the invariant). We consider the following.
1) Generic weight spaces
The nth-weight space of weight m corresponding to the generic Verma module Vˆ :
(5) Vˆn,m := {v ∈ Vˆ
⊗n | Kv = snq−2mv}.
The nth-weight space of weight m corresponding to the N th finite part inside Vˆ :
(6) V Nn,m :=
(
Vˆn,m ∩ < v0, ..., vN−1 >Z[q±1,s±1]
)
⊆ Vˆ ⊗n.
2) Weight spaces at roots of unity
We introduce the notion of the nth-weight space of weight m corresponding to the
finite dimensional part at roots of unity, which is given by:
(7) V ξN ,λn,m := {v ∈ U
⊗n
λ | Kv = ξ
nλ−2m
N v} ⊆ U
⊗n
λ .
Notation 3.1.2. Let us consider the following indexing sets:
En,m = {e = (e1, ..., en) ∈ N
n | e1 + ...+ en = m}.
ENn,m = {e = (e1, ..., en) ∈ En,m | 0 ≤ e1, ..., en ≤ N − 1}.
Remark 3.1.3. (Basis for weight spaces)
A basis for the generic weight space is given by:
B
Vˆn,m
= {ve := ve1 ⊗ ...⊗ ven |e ∈ En,m}.
A basis for the N th−finite weight space is given by:
BV Nn,m
= {ve := ve1 ⊗ ...⊗ ven |e ∈ E
N
n,m}.
Remark 3.1.4. (Braid group actions [4]) The generic action ϕˆn induces a braid
group representation onto generic weight spaces
ϕˆn,m : Bn → Aut(Vˆn,m).
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The problem is that if we look carefully at the definition of the R-matrix over
two variables, we see that this action does not preserve the inclusion of the N th
finite weight space over two parameters into the generic ones:
V Nn,m ⊆ Vˆn,m.
However, something interesting happens if we specialise q to a 2N th root of unity.
This will comes from the specific formula of the specialisation of the R−matrix, to-
wards one variable. We refer to [4] (Section 2.2) for the details of this phenomenon.
The main property is the following.
Proposition 3.1.5. ([4]) The specialised action
ϕˆn,m|ηξN ,λ : Bn → Aut(Vˆn,m|ηξN ,λ)
preservers the inclusion of the specialised N th weight space into the specialisation
of the generic one, leading to a braid group representation, which we denote by:
(8)
ϕNn,m|ηξN ,λ : Bn → Aut
(
V Nn,m|ηξN ,λ
)
ϕNn,m|ηξN ,λ = ϕˆn,m|ηξN ,λ
(
restricted to V Nn,m|ηξN ,λ
)
.
The first advantage of these weight spaces up to level N is that they are defined
over two variables. Secondly, their direct sum recovers the whole tensor power of
the representation Uλ, as below.
Proposition 3.1.6. The specialisations of the N th weight spaces through ηξN ,λ
recover the tensor power of the module at roots at unity:
(9) U⊗nλ =
n(N−1)⊕
m=0
V Nn,m|ηξN ,λ .
Proof. We start with the remark that:
(10) Vˆ ⊗n =
∞⊕
m=0
Vˆn,m.
Further on, this direct sum recovers the tensor power of the vector space generated
by the first N -vectors:
(11)
(
< v0, ..., vN−1 >Z[s±1,q±1]
)⊗n
=
n(N−1)⊕
m=0
V Nn,m.
This comes from equation 10 and the remark that the maximal weight that we can
rich with the first N vectors is n(N − 1). Then by specialising the coefficients from
equation 11 through ηξN ,λ, we conclude the decomposition from the statement. 
Now, we will use that the braid group actions presented above preserve weight
spaces (for details, see [4]). This shows that the splitting from equation (10) is pre-
served by the braid group action. This means that we have the following property.
Corollary 3.1.7. The braid group actions onto the specialisations of the N th weight
spaces recover the whole braid group action at roots at unity:
(12) ϕξN ,λn =
n(N−1)⊕
m=0
ϕNn,m|ηξN ,λ .
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3.2. Construction of the ADO invariant. In this part, we will see that we can
construct the N th ADO invariant from the module Uλ. This set up appeared in
[4] and is a new way of describing this invariant, which comes from the quantum
group over two variables and uses the trick of considering Uλ in the way that we
have described above (is a module rather than a representation over the quantum
group).
Notation 3.2.1. For f ∈ End(Uλ), which is a scalar times identity, we denote
this scalar as follows:
f =< f > ·Id ∈ C · IdUλ .
Proposition 3.2.2. (The N th ADO invariant)
Let us fix N ∈ N the colour and λ ∈ C. We denote ξN = e
2pii
2N . Then if an
oriented knot L is a closure of a braid βn ∈ Bn, we have:
(13) ΦN (L, λ) =ξN
(N−1)λw(βn) < ptrUλ
(
(Id⊗K1−N) ◦ ϕξN ,λn (βn)
)
> .
Proof. First of all, we have to explain why the endomorphism from this formula is
a scalar times the identity.
(14) ptrUλ
(
(Id⊗K1−N) ◦ ϕξN ,λn (βn)
)
∈ C · IdUλ ⊆ End(Uλ).
For the usual version of the quantum group Uq(sl(2)) at roots of unity, this is
not at all surprising. It comes from the fact that this partial trace (which is exactly
the Reshetikhin-Turaev construction applied on the knot L with one strand that
is cut) gives an automorphism of the represnetation Uλ over the quantum group.
Further on, it is known from representation theory properties that Uλ is a simple
representation of the quantum group. This means that any endomorphism of this
representation is a scalar times identity.
However, in our case, Uλ is not a representation over the quantum groupUξN (sl(2)),
it is just a vector space over C. We remind the construction of our braid group
action, from the generic one presented in Proposition 3.0.5:
ϕξN ,λn = ϕˆn|ηξN ,λ restricted to U
⊗n
λ .
The key point is that the formulas for the action ϕˆn|ηξN ,λ and the braid group
action coming from the usual construction, presented in [6], are actually the same
(they are just used on different bases in our case and the case from [6]). Based on
this correspondence and the property mentioned above, telling us that the usual
Reshetikhin-Turaev corresponding to this partial quantum trace leads to a scalar,
we conclude that also the partial trace from above leads to a scalar.
Further on, the formula looks similar to the formula from Section 2.3 presented
in [6], but the difference occurs from fact in that paper, the construction of the
representation at roots of unity Uλ is different than ours. However, based on the
above discussion about the precise actions of R-matrices at the level of braid group
representations, the action from [6] and the one that we use are actually the same
(when they are computed on the standard basis).

4. Homological representations
In this section, we present the version of the homological representations of braid
groups that we will use for our model. We will follow [9]. Let us fix n,m ∈ N. Then,
we denote by D2 ⊆ C the unit disk including its boundary.
For our construction, we will use the n−punctured dics:
Dn := D
2 \ {1, ..., n}
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We denote by Cn,m the unordered configuration space ofm points in the n-punctured
disk, given by:
Cn,m = Confm(Dn) =
(
D×mn \{x = (x1, ..., xm) | ∃ i, j such that xi = xj}
)
/Symm
(Symm is the symmetric group of order m).
Let us fix also d1, ..., dm ∈ ∂Dn to be points on the boundary and d := {d1, ..., dm} ∈
Cn,m the corresponding point in the configuration space.
1 i nσi
d1 d2 dm
∨
1 i n
d1 d2 dm
δ
Figure 1.
4.1. Covering space. In the sequel, we will use certain loops in the configuration
space. We denote by σi ∈ π1(Cn,m) the class represented by the loop in Cn,m with
m− 1 fixed components (the base points d2,...,dn) and the first one going on a loop
in Dn around the puncture i. Then, δ ∈ π1(Cn,m) will be the class of the loop in
the configuration space with (m− 2) constant points and the first two components
which swap the points d1 and d2, as in figure 1.
Notation 4.1.1. Let us consider aug : Zn → Z to be the map given by:
aug(x1, ..., xm) = x1 + ...+ xm.
Definition 4.1.2. (Local system)
Let ρ : π1(Cn,m)→ H1 (Cn,m) be the abelianisation map. For m ≥ 2, using [6], the
homology of the configuration space is:
H1 (Cn,m) ≃ Z
n ⊕ Z
〈ρ(σi)〉 〈ρ(δ)〉, i ∈ {1, ..., n}.
Combining the two morphisms, we consider the local system:
(15)
φ : π1(Cn,m)→ Z⊕ Z
〈x〉 〈d〉
φ = (aug ⊕ IdZ) ◦ ρ.
Definition 4.1.3. (Covering of the configuration space) Let C˜n,m be the covering
of Cn,m corresponding to the local system φ. Then, the deck transformations of this
covering are given by:
Deck(C˜n,m, Cn,m) ≃< x >< d > .
Let us fix d˜ ∈ C˜n,m be a lift of the base point d = {d1, ..., dm} in the covering.
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w
1
ηe1
ηee1 ηem ηe = (η
e
1, ..., η
e
m)
η˜e
n
d=
d˜
Confe1 Confen
Fe
F˜e
Cn,m
C˜n,m
d1 de1 dm
Figure 2.
The construction uses the Borel-Moore homology of this covering space. For the
sequel, let us fix a point w ∈ ∂Dn.
Definition 4.1.4. ([9]) Let H lf,−m (C˜n,m,Z) be the Borel-Moore homology relative
to part of the boundary which is represented by the fiber in C˜n,m over the base
point w. This is a module over the group ring of the deck transformations, namely
Z[x±1, d±1].
From the property that the braid group is the mapping class group of the punc-
tured disc and the precise form of the above local system, there is an induced action
on this homology, which is compatible to its module structure:
Bn y H
lf,−
m (C˜n,m,Z) = Z[x
±1, d±1]−module.
4.2. Lawrence representation.
Definition 4.2.1. (Multiarcs [9])
a) Let us start with a partition e ∈ En,m. For each i ∈ {1, ..., n}, we use a segment
in Dn starting at the point w and finishing at the i
th puncture, as in figure 2. Then,
we consider the space of ordered configurations of ei points on this segment. Further
on, we denote the projection onto the unordered configuration space by:
πm : D
×m
n \ {x = (x1, ..., xm)|xi = xj})→ Cn,m
The product of these ordered configuration spaces on segments together with the
projection lead to a submanifold in the unordered configuration space, denoted by:
Fe := πm(Confe1 × ...× Confen) ⊆ Cn,m
b) We consider an additional imput, given by a fixed a set of paths between the base
point on the boundary and the segments:
ηek : [0, 1]→ Dn, k ∈ {1, ...,m}
as in figure 2. The set of all paths ηek leads to a path in the configuration space,
denoted by:
ηe := πm ◦ (η
e
1 , ..., η
e
m) : [0, 1]→ Cn,m.
We remark that:
(16)
{
ηe(0) = d
ηe(1) ∈ Fe.
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Further on, let η˜e be the unique lift of the path ηe with the property that:
(17)
{
η˜e : [0, 1]→ C˜n,m
η˜e(0) = d˜.
Definition 4.2.2. (Multiarcs)
Let us consider F˜e to be the unique lift of the submanifold Fe with the property:
(18)
{
F˜e : (0, 1)
m → C˜n,m
η˜e(1) ∈ F˜e.
This submanifold gives a class in the Borel-Moore homology, denoted by:
[F˜e] ∈ H
lf,−
m (C˜n,m,Z).
This is called the multiarc corresponding to the partition e ∈ En,m.
Proposition 4.2.3. ([9]) The set of all multiarcs {[F˜e] | e ∈ En,m} is a basis for
H lf,−m (C˜n,m,Z).
Notation 4.2.4. (Normalised multiarc) For e ∈ En,m, let us consider a normali-
sation of the multiarc given by:
Fe := x
∑
n
i=1
iei [F˜e] ∈ H
lf,−
m (C˜n,m,Z).
Notation 4.2.5. (Lawrence representation)
Let ln,m be the braid group action from above, in the basis BHlf,−m (C˜n,m,Z) := {Fe, e ∈
En,m} given by multiarcs:
ln,m : Bn → Aut(H
lf,−
m (C˜n,m,Z)).
4.3. Identification between weight space representations and homological
representations. We will use the following specialisation of coefficients:
(19)
{
γ : Z[x±1, d±1]→ Z[q±1, s±1]
γ(x) = s2; γ(d) = q−2.
The advantage of the basis from above is that it naturally corresponds to the basis
in the weight spaces. More precisely, in [9], it was shown the following identification.
Theorem 4.3.1. ([9]) The quantum representation on weight spaces is isomorphic
to the homological representation of the braid group:
Bn y Vˆn,m ≃ Hn,m|γ x Bn(
ϕˆn,m,BVˆn,m
) (
ln,m|γ ,BHlf,−m (C˜n,m,Z)
)
(20) Θn,m(ve1 ⊗ ...⊗ ven) = Fe, for e = (e1, ..., en) ∈ En,m.
Corollary 4.3.2. This isomorphism shows that the corresponding specialisations
at roots of unity are isomorphic:
(21) ϕˆn,m|ηξN ,λ ≃ ln,m|ψξN ,λ
5. Level N Lawrence representation
On the quantum side, we have seen that the N th ADO invariant is related to
weight spaces corresponding to the N th finite part of the generic Verma module.
Having this in mind, we consider a subspace in the Lawrence representation, which
will correspond to these weight spaces up to level N from the quantum side. Let
us make this precise.
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Definition 5.0.1. (Level N Lawrence representation)
Let us consider the subspace in the Lawrence representation generated by the mul-
tiarcs whose multiplicities are all bounded by N :
(22) NHn,m :=< [Fe] | e ∈ E
N
n,m >Z[x±1,d±1]⊆ H
lf,−
m (C˜n,m,Z).
In the sequel, we show that this homological subspace, up to level N , corresponds
to the weight spaces from the finite dimensional module of dimension N in the
Verma module, after an appropriate specialisation.
Lemma 5.0.2. The braid group action on H lf,−m (C˜n,m,Z) specialised through ψξN ,λ
preserves the specialised vector subspace NHn,m|ψξN ,λ :
NHn,m|ψξN ,λ H
lf,−
m (C˜n,m,Z)|ψξN ,λ
ln,m|ψξN ,λln,m|ψξN ,λ
→֒
ι
	 	≡
Proof. Going back to the algebraic side, we know that the braid group action
specialised at roots of unity using ηξN ,λ, preserves the small weight spaces inside
the ones from the Verma module, as presented in Proposition 3.1.5:
(23)
V Nn,m|ηξN ,λ Vˆn,m|ηξN ,λ
ϕˆn,m|ηξN ,λϕ
N
n,m|ηξN ,λ
→֒
ι
	 	≡
Here, we remind that ϕNn,m|ηξN ,λ is ϕˆn,m|ηξN ,λ restricted to the specialised weight
space V Nn,m|ηξN ,λ .
Now, using the identification from Corollary 4.3.2 we notice that the genera-
tors given by monomials from V Nn,m|ηξN ,λ corresponds exactly to the normalised
multiarcs which are prescribed by partitions with all components smaller than N .
This shows that V Nn,m|ηξN ,λ corresponds to the homological module
NHn,m|ψξN ,λ
which is specialised through ψξN ,λ:
(24)
Vˆn,m|ηξN ,λ H
lf,−
m (C˜n,m,Z)|ψξN ,λ
NHn,m|ψξN ,λV
N
n,m|ηξN ,λ
≃
Θn,m |ηξN ,λ
∪ ∪
↔
Using the commutativity property from equation (23) and the correspondence pre-
sented in relation (24), we conclude the commutativity property for the braid group
actions on the homological side. 
Definition 5.0.3. (Level N Lawrence representation)
It follows that ln,m|ψξN ,λ induces a well defined action on the specialised subspace
NHn,m|ψξN ,λ , which we denote by:
Nln,m : Bn → Aut
(
NHn,m|ψξN ,λ
)
.
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Corollary 5.0.4. We have the following identifications of braid group actions:
(25) ϕNn,m|ηξN ,λ y V
N
n,m|ηξN ,λ ≃
NHn,m|ψξN ,λ x
Nln,m.
5.1. Homological Partial Trace. In this part, we introduce the concept of partial
trace on Lawrence representations. This definition comes from the aim of having
a correspondent of the partial trace from the quantum side, in homological terms.
In the end, we will see that the collection of all homological partial traces will
correspond to the partial trace on the quantum side (on the tensor power of the
representation Uλ).
Notation 5.1.1. Let NH0n,m be the subspace in the level N Lawrence representation
which is generated by those multiarcs which are prescribed by partitions whose first
component is zero:
NH0n,m :=< [Fe] | e ∈ E
N
n,m, e0 = 0 >Z[x±1,d±1]⊆
NHn,m.
Let ι0 :
NH0n,m|ψξN ,λ →
NHn,m|ψξN ,λ be the corresponding inclusion. Further on,
we consider the projection onto this subspace, as follows:
π0 :
NHn,m|ψξN ,λ →
NH0n,m|ψξN ,λ
π0(Fe) =
{
[Fe], if e1 = 0
0, otherwise.
Now, we introduce the definition of a homological partial trace (with respect to
elements from the basis of NHn,m prescribed by partitions starting with zero) on
the level N Lawrence representation.
Definition 5.1.2. (Homological partial trace)
Let n,m ∈ N. The weight zero partial trace (corresponding to the last m − 1
components) is given by:
(26)
hptr0 : Aut
(
NHn,m|ψξN ,λ
)
→ C
hptr0(f) = tr (π0 ◦ f ◦ ι0) .
6. Homological model for the ADO invariant
In this section, we show the homological model presented in Theorem 1.1.2. We
start with the definition of the ADO polynomial presented in formula (13):
(27) ΦN (L, λ) =ξN
(N−1)λw(βn) < ptrUλ
(
(Id⊗K1−N) ◦ ϕξN ,λn (βn)
)
> .
In the sequel, we investigate the partial trace from this formula. We remind that
the corresponding endomorphism is a scalar times the identity:
(28) ptrUλ
(
(Id⊗K1−N) ◦ ϕξN ,λn (βn)
)
∈ C · IdUλ ⊆ End(Uλ).
Following this remark, we have that:
(29)
ptrUλ
(
(Id⊗K1−N) ◦ ϕξN ,λn (βn)
)
(vi) =
=< ptrUλ
(
(Id⊗K1−N) ◦ ϕξN ,λn (βn)
)
> vi,∀i ∈ {0, ..., N − 1}.
Now, going back to the formula for the N th ADO invariant, we will compute the
partial trace on the base vector v0. In order to do this, we denote by pr0 the
projection onto the subspace generated by the vector v0:
pr0 : Uλ → C
(30) pr0(vi) =
{
1, if i = 0
0, otherwise.
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Using this, we have the formula:
(31) ΦN (L, λ) =ξN
(N−1)λw(βn) pr0 ◦ ptrUλ
(
(Id⊗K1−N ) ◦ ϕξN ,λn (βn)
)
(v0).
In the sequel, for a fixed basis B and a vector v, we denote by C(v, w) to be
the coefficient of v in the expression obtained for the vector w written in the basis
B. We apply this notation for the basis given by tensor monomials in the tensor
product of Uλ . Using this notation, the partial trace with respect to v0 can be
written as follows:
(32) ΦN (L, λ) = ξN
(N−1)λw(βn) ·
·
N−1∑
i2,...,in−1=0
C
(
v0 ⊗ vi2 ⊗ ...⊗ vin ,
(
Id⊗K1−N
)
◦ ϕξN ,λn (βn) (v0 ⊗ vi2 ⊗ ...⊗ vin)
)
.
Having in mind the notion of weight spaces, we split the above sum corresponding
to the total weight m ∈ {0, .., N − 1} of the vectors, as below:
(33) ΦN(L, λ) = ξN
(N−1)λw(βn) ·
(N−1)(n−1)∑
m=0

∑
(i2,...,in−1)
∈ENn−1,m
C
(
v0 ⊗ vi2 ⊗ ...⊗ vin ,
(
Id⊗K1−N
)
◦ ϕξN ,λn (βn)(v0 ⊗ vi2 ⊗ ...⊗ vin
)

 .
Now, we remind that the braid group action on the quantum side behaves well
with respect to weight spaces, as discussed in Corollary 3.1.7:
(34) ϕξN ,λn =
n(N−1)⊕
m=0
ϕNn,m|ηξN ,λ .
This splitting through actions on weight spaces together with equation (39), lead
to the following description:
(35) ΦN(L, λ) = ξN
(N−1)λw(βn) ·
(N−1)(n−1)∑
m=0

∑
(i2,...,in−1)
∈ENn−1,m
C
(
v0 ⊗ vi2 ⊗ ...⊗ vin ,
(
Id⊗K1−N
)
◦ ϕNn,m|ηξN ,λ(βn)(v0 ⊗ vi2 ⊗ ...⊗ vin
)

 .
Now, we look what happens for a fixed m in this formula. We remark that the
vectors on which we act with the braid representation are as follows:
v0 ⊗ vi2 ⊗ ...⊗ vin , where
vi2 ⊗ ...⊗ vin ∈ V
N
n−1,m.
Further on, the action of K on this weight space is given just by a scalar:
K y V Nn−1,m|ηξN ,λ = ξ
(n−1)λ−2m
N · Id.
Gluing back the weight zero vector, we obtain:
(36)
(
Id⊗K1−N
)
y v0 ⊗ V
N
n−1,m|ηξN ,λ = ξ
(n−1)(1−N)λ−2m(1−N)
N · Id
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We obtain the following weighted sum:
(37) ΦN (L, λ) = ξN
(N−1)λw(βn) ·
(N−1)(n−1)∑
m=0
∑
(i2,...,in−1)
∈ENn−1,m(
ξ
(n−1)(1−N)λ−2m(1−N)
N C
(
v0 ⊗ vi2 ⊗ ...⊗ vin , ϕ
N
n,m|ηξN ,λ(βn)(v0 ⊗ vi2 ⊗ ...⊗ vin
))
.
After we separate the coefficients, we have:
(38) ΦN (L, λ) = ξN
(N−1)λw(βn) ξ
(n−1)(1−N)λ
N ·
(N−1)(n−1)∑
m=0
ξ
−2m(1−N)
N
∑
(i2,...,in−1)
∈ENn−1,m
C
(
v0 ⊗ vi2 ⊗ ...⊗ vin , ϕ
N
n,m|ηξN ,λ(βn)(v0 ⊗ vi2 ⊗ ...⊗ vin
)
.
Using the identification between specialised homological representations on the
N th homological part and specialised representations on the N th weight spaces from
Corollary 5.0.4, we conclude the formula:
(39) ΦN (L, λ) = ξN
(N−1)λw(βn) ξ
(n−1)(1−N)λ
N
(N−1)(n−1)∑
m=0
ξ
−2m(1−N)
N
·
∑
(i2,...,in−1)
∈ENn−1,m
C
(
F0,i1,...,in ,
Nln,m|ηξN ,λ(βn)F0,i1,...,in
)
.
Now, looking at the second sum, we remark that it leads exactly to the homo-
logical partial trace, introduced in the definiton 5.1.2:
(40)
∑
(i2,...,in−1)
∈En−1,m
C
(
F0,i1,...,in ,
Nln,m|ηξN ,λ(βn)F0,i1,...,in
)
= hptr0
(
Nln,m(βn)
)
The last two equations (39) and (40) lead exactly to the formula from Theorem
1.1.2 and conclude the proof of the homological model.
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